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OPERATOR THEORY ON NONCOMMUTATIVE VARIETIES II
GELU POPESCU
Abstract. An n-tuple of operators T := [T1, . . . , Tn] on a Hilbert space H is called a J-constrained
row contraction if T1T
∗
1 + · · ·+ TnT
∗
n ≤ IH and
f(T1, . . . , Tn) = 0, f ∈ J,
where J is a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra F∞n and
f(T1, . . . , Tn) is defined using the F
∞
n –functional calculus for row contractions. We show that the
constrained characteristic function ΘJ,T associated with J and T is a complete unitary invariant
for J-constrained completely non-coisometric (c.n.c.) row contractions. We also provide a model
for this class of row contractions in terms of the constrained characteristic functions. In particular,
we obtain a model theory for q-commuting c.n.c. row contractions.
Introduction
In [22], we developed a dilation theory on noncommutative varieties determined by row contrac-
tions T := [T1, . . . , Tn] subject to constraints such as
p(T1, . . . , Tn) = 0, p ∈ P,
where P is a set of noncommutative polynomials. In this setting, the model n-tuple is the universal
row contraction [B1, . . . , Bn] satisfying the same constraints as T , which turns out to be the maximal
constrained piece of the n-tuple [S1, . . . , Sn] of left creation operators on the full Fock space on n
generators. We obtained a Beurling type theorem characterizing the invariant subspaces under each
operator B1⊗IH, . . . , Bn⊗IH, and Wold type decompositions for ∗-representations of the C
∗-algebra
C∗(B1, . . . , Bn) generated by B1, . . . , Bn and the identity. The constrained dilation and model
theory is based on a class of constrained Poisson kernels associated with T and representations of
the Toeplitz algebra C∗(B1, . . . , Bn).
Following the classical Sz.-Nagy–Foias¸ model theory for a single contraction [23] and the multi-
variable noncommutative dilation theory [8], [9], [10], [11], [12], we introduced in [22] a constrained
characteristic function ΘJ,T associated with any constrained row contraction T . It turned out that,
for constrained pure row contractions, the constrained characteristic function is a complete unitary
invariant. We also showed that the curvature invariant and Euler characteristic asssociated with a
Hilbert module generated by an arbitrary (resp. commuting) row contraction T can be expressed
only in terms of the (resp. constrained) characteristic function of T . This paper is a continuation
of [22]. We further investigate the constrained characteristic function in several variables.
Let Hn be an n-dimensional complex Hilbert space with orthonormal basis e1, e2, . . . , en, where
n ∈ {1, 2, . . . }. We consider the full Fock space of Hn defined by
F 2(Hn) :=
⊕
k≥0
H⊗kn ,
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where H⊗0n := C1 and H
⊗k
n is the (Hilbert) tensor product of k copies of Hn. Define the left
creation operators Si : F
2(Hn)→ F
2(Hn), i = 1, . . . , n, by
Siϕ := ei ⊗ ϕ, ϕ ∈ F
2(Hn).
The noncommutative analytic Toeplitz algebra F∞n and its norm closed version, the noncommuta-
tive disc algebra An, were introduced by the author in [14] (see also [15]). F
∞
n is the algebra of left
multipliers of the Fock space F 2(Hn) and can be identified with the weakly closed (or w
∗-closed)
algebra generated by the left creation operators S1, . . . , Sn and the identity. The noncommutative
disc algebra An is the norm closed algebra generated by the same operators. When n = 1, F
∞
1 can
be identified with H∞(D), the algebra of bounded analytic functions on the open unit disc. The
noncommutative analytic Toeplitz algebra F∞n can be viewed as a multivariable noncommutative
analogue of H∞(D).
Let T := [T1, . . . , Tn] be a completely non-coisometric (c.n.c.) row contraction (see Section 1 for
notation) with Ti ∈ B(H), the algebra of all bounded linear operators operators on a Hilbert space
H. Given a WOT-closed two-sided ideal J of the noncommutative analytic Toeplitz algebra F∞n ,
we say that T is a J-constrained row contraction if
f(T1, . . . , Tn) = 0, f ∈ J,
where f(T1, . . . , Tn) is defined using the F
∞
n -functional calculus for c.n.c. row contractions [15]. In
Section 1, we present some results concerning constrained Poisson transforms associated with J-
constrained row contractions. More about noncommutative Poisson kernels and Poisson transforms
on C∗-algebras generated by isometries can be found in [17], [2], [18], [19], [21], and [22].
The constrained characteristic function associated with a J-constrained row contraction T was
introduced in [22] as a multi-analytic operator ΘJ,T : NJ ⊗DT ∗ → NJ ⊗DT uniquely defined by
the formal Fourier representation
−INJ ⊗ T + (INJ ⊗∆T )
(
INJ⊗H −
n∑
i=1
Wi ⊗ T
∗
i
)−1
[W1 ⊗ IH, . . . ,Wn ⊗ IH] (INJ ⊗∆T ∗) ,
where W1, . . . ,Wn are the constrained right creation operators associated with J (see Section 1 for
notation).
In Section 2, we show that the constrained characteristic function is a complete unitary invariant
for the class of constrained c.n.c. row contractions. We also provide a model for this class of row
contractions in terms of the constrained characteristic functions. All the results of this paper apply,
in particular, to c.n.c. row contractions subject to constraints such as p(T1, . . . , Tn) = 0, p ∈ P,
where P is a set of noncommutative polynomials.
In particular, we obtain a model theory for commuting c.n.c. row contractions. The characteristic
function of a commuting row contraction T := [T1, . . . , Tn] is the compression to the symmetric
Fock space of the noncommutative characteristic function introduced in [12]. As shown in [22]
(using [3]), it can be identified with the operator-valued analytic function on the open unit ball of
C
n, given by
ΘJc,T (z) := −T +∆T (I − z1T
∗
1 − · · · − znT
∗
n)
−1[z1IH, . . . , znIH]∆T ∗ , z = (z1, . . . , zn) ∈ Bn,
In this particular setting, the characteristic function was proved to be a complete unitary invariant
for pure row contractions in [6] and, independently, by the author in [22]. We should mention that,
in the commutative case, there is a model theory (see e.g. [1] and references therein) for operator
tuples T satisfying positivity conditions of type 1K (T, T
∗) ≥ 0, where K is a reproducing kernel
associated with certain domains in Cn. It will be interesting to see if there is a “constrained-version”
of all this work.
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After the completion of this paper, we received a preprint from T. Bhattacharyya, J. Eschmeier,
and J. Sarkar [7], and also noticed a very recent paper of C. Benhida, and D. Timotin [4]. Both
papers deal with the characteristic function of a commuting row contraction and there is some
overlap, in this particular setting, with Section 2 of our paper. However, our results concerning
the model theory for constrained row contractions are more general and the proofs are based on
noncommutative dilation theory, rather then reproducing kernel Hilbert space techniques.
1. Constrained Poisson kernels
In this section, we present some results concerning the constrained Poisson kernels associated
with completely non-coisometric row contractions. These results are needed in Section 2.
We need to recall from [13], [14], [15], [16], and [20] a few facts concerning multi-analytic operators
on Fock spaces. We denote by F+n the unital free semigroup on n generators g1, . . . , gn, and the
identity g0. The length of α ∈ F
+
n is defined by |α| := k if α = gi1gi2 · · · gik , and |α| := 0 if α = g0.
If T1, . . . , Tn ∈ B(H), define Tα := Ti1Ti2 · · ·Tik if α = gi1gi2 · · · gik , and Tg0 := IH. Similarly, we
denote eα := ei1 ⊗ · · · ⊗ eik and eg0 := 1. We say that a bounded linear operator M acting from
F 2(Hn)⊗K to F
2(Hn)⊗K
′ is multi-analytic if
M(Si ⊗ IK) = (Si ⊗ IK′)M for any i = 1, . . . , n.
We can associate withM a unique formal Fourier expansionM(R1, . . . , Rn) :=
∑
α∈F+n
Rα⊗θ(α), for
some operators θ(α) ∈ B(K,K
′), where Ri := U
∗SiU , i = 1, . . . , n, are the right creation operators
on F 2(Hn) and U is the (flipping) unitary operator on F
2(Hn) mapping ei1 ⊗ ei2 ⊗ · · · ⊗ eik into
eik⊗· · ·⊗ei2⊗ei1 . Since the operatorM acts like its Fourier representation on “polynomials”, we will
identify them for simplicity. The set of all multi-analytic operators in B(F 2(Hn)⊗K, F
2(Hn)⊗K
′)
coincides with R∞n ⊗¯B(K,K
′), the WOT-closed operator space generated by the spatial tensor
product, where R∞n = U
∗F∞n U . A multi-analytic operator is called inner if it is an isometry, and
outer if it has dense range.
Now let J 6= F∞n be a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz
algebra F∞n . Define the subspaces of the full Fock space F
2(Hn) by setting
MJ := JF 2(Hn) and NJ := F
2(Hn)⊖MJ .
Define the constrained left (resp. right) creation operators by setting
Bi := PNJSi|NJ and Wi := PNJRi|NJ , i = 1, . . . , n.
Let W(B1, . . . , Bn) be the w
∗-closed algebra generated by B1, . . . , Bn and the identity. We proved
in [2] that
W(B1, . . . , Bn) = PNJF
∞
n |NJ = {f(B1, . . . , Bn) : f(S1, . . . , Sn) ∈ F
∞
n },
where, according to the F∞n -functional calculus for c.n.c. row contractions [15],
f(B1, . . . , Bn) = SOT- lim
r→1
f(rB1, . . . , rBn).
Note that if ϕ ∈ J , then ϕ(B1, . . . , Bn) = 0. An operator M ∈ B(NJ ⊗ K,NJ ⊗ K
′) is called
multi-analytic with respect to the constrained shifts B1, . . . , Bn if
M(Bi ⊗ IK) = (Bi ⊗ IK′)M, i = 1, . . . , n.
If in addition M is partially isometric, then we call it inner. If M has dense range, it is called
outer. We recall from [20] that the set of all multi-analytic operators with respect to B1, . . . , Bn
coincides with
W(W1, . . . ,Wn)⊗¯B(K,K
′) = PNJ⊗K′ [R
∞
n ⊗¯B(K,K
′)]|NJ⊗K,
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and a similar result holds for the algebra W(B1, . . . , Bn).
Now, let us review (see [17]) some basic properties for noncommutative Poisson transforms
associated with row contractions T := [T1, . . . , Tn], Ti ∈ B(H). For each 0 < r ≤ 1, define the
defect operator ∆T,r := (I − r
2T1T
∗
1 − · · · − r
2TnT
∗
n)
1/2. The Poisson kernel associated with T is
the family of operators
KT,r : H → F
2(Hn)⊗∆T,rH, 0 < r ≤ 1,
defined by
(1.1) KT,rh :=
∞∑
k=0
∑
|α|=k
eα ⊗ r
|α|∆T,rT
∗
αh, h ∈ H.
When r = 1, we denote ∆T := ∆T,1 and KT := KT,1. The operators KT,r are isometries if
0 < r < 1, and
(1.2) K∗TKT = IH − SOT- lim
k→∞
∑
|α|=k
TαT
∗
α.
This shows that KT is an isometry if and only if T is a pure row contraction ([11]), i.e.,
(1.3) SOT- lim
k→∞
∑
|α|=k
TαT
∗
α = 0.
A key property of the Poisson kernel is that
(1.4) KT,r(r
|α|T ∗α) = (S
∗
α ⊗ I)KT,r for all 0 < r ≤ 1, α ∈ F
+
n .
When T is a completely non-coisometric (c.n.c.) row-contraction, i.e., there is no h ∈ H, h 6= 0,
such that
(1.5)
∑
|α|=k
‖T ∗αh‖
2 = ‖h‖2 for all k = 1, 2, . . . ,
an F∞n -functional calculus was developed in [15]. We showed that if f =
∑
α∈F+n
aαSα is in F
∞
n , then
(1.6) ΓT (f) = f(T1, . . . , Tn) := SOT- lim
r→1
∞∑
k=0
∑
|α|=k
r|α|aαTα
exists and ΓT : F
∞
n → B(H) is a WOT-continuous completely contractive homomorphism.
Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n , and let T := [T1, . . . , Tn], Ti ∈ B(H),
be a row contraction. The constrained Poisson kernel associated with J and T is the operator
KJ,T : H → NJ ⊗ ∆TH defined by KJ,T := (PNJ ⊗ I∆TH)KT , where KT is the Poisson kernel
defined by relation (1.1) (case r = 1).
The following theorem provides extensions of some results from [21] for constrained pure row
contractions.
Theorem 1.1. Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n and let T := [T1, . . . , Tn],
Ti ∈ B(H), be a c.n.c. row contraction such that
ϕ(T1, . . . , Tn) = 0, ϕ ∈ J.
Then
KJ,T f(T1, . . . , Tn)
∗ = (f(B1, . . . , Bn)
∗ ⊗ I∆TH)KJ,T
for any f(B1, . . . , Bn) ∈ W(B1, . . . , Bn), where KJ,T is the constrained Poisson kernel associated
with J and T .
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Proof. Due to relation (1.4) (case r = 1) we have
(1.7) K∗T (p(S1, . . . , Sn)⊗ IH) = p(T1, . . . , Tn)K
∗
T
for any polynomial p(S1, . . . , Sn). According to [15], if f(S1, . . . , Sn) :=
∞∑
k=0
∑
|α|=k
aαSα is in F
∞
n ,
then, for any 0 < r < 1, fr(S1, . . . , Sn) :=
∞∑
k=0
∑
|α|=k
r|α|aαSα is in the noncommutative disc algebra
An. Since
lim
m→∞
m∑
k=0
∑
|α|=k
r|α|aαSα = fr(S1, . . . , Sn)
in the norm topology, relation (1.7) implies
K∗T (fr(S1, . . . , Sn)⊗ IH) = fr(T1, . . . , Tn)K
∗
T
for any f(S1, . . . , Sn) ∈ F
∞
n and 0 < r < 1. Since T is a c.n.c. row contraction and S := [S1, . . . , Sn]
is a pure row contraction, we can use the F∞n -functional calculus. We recall that the map A 7→ A⊗I
is SOT-continuous on bounded sets of B(F 2(Hn)) and, due to the noncommutative von Neumann
inequality [14] (see [24] for the classical case), we have ‖fr(S1, . . . , Sn)‖ ≤ ‖f(S1, . . . , Sn)‖. There-
fore, we can take r → 1 in the above equality and obtain
(1.8) K∗T (f(S1, . . . , Sn)⊗ I∆TH) = f(T1, . . . , Tn)K
∗
T
for any f(S1, . . . , Sn) ∈ F
∞
n , where f(T1, . . . , Tn) is defined by formula (1.6).
Now, according to relation (1.8), we have
(1.9) 〈(ϕ(S1, . . . , Sn)
∗ ⊗ I)KTh, 1 ⊗ k〉 = 〈KTϕ(T1, . . . , Tn)
∗h, 1 ⊗ k〉
for any ϕ(S1, . . . , Sn) ∈ F
∞
n , h ∈ H, and k ∈ ∆TH. Note that if ϕ(S1, . . . , Sn) ∈ J , then
ϕ(T1, . . . , Tn) = 0, and relation (1.9) implies 〈KTh, ϕ ⊗ k〉 = 0 for any h, k ∈ H. Taking into
account the definition of MJ , we deduce that
(1.10) KT (H) ⊆ NJ ⊗H.
This shows that the constrained Poisson kernel satisfies the relation
(1.11) KJ,Th =
(
PNJ ⊗ I∆TH
)
KTh = KTh, h ∈ H.
Since J is a left ideal of F∞n , NJ is an invariant subspace under each operator S
∗
1 , . . . , S
∗
n and
therefore Bα = PNJSα|NJ , α ∈ F
+
n . Since [B1, . . . , Bn] is a pure row contraction, we can use the
F∞n -functional calculus to deduce that
(1.12) f(B1, . . . , Bn) = PNJf(S1, . . . , Sn)|NJ
for any f(S1, . . . , Sn) ∈ F
∞
n . Taking into account relations (1.8), (1.11), and (1.12), we obtain
KJ,Tf(T1, . . . , Tn)
∗ =
(
PNJ ⊗ I∆TH
)
[f(S1, . . . , Sn)
∗ ⊗ I∆TH]
(
PNJ ⊗ I∆TH
)
KT
=
[
(PNJf(S1, . . . , Sn)|NJ)
∗ ⊗ I∆TH
]
KJ,T
=
[
f(B1, . . . , Bn)
∗ ⊗ I∆TH
]
KJ,T .
Therefore, we have
(1.13) KJ,T f(T1, . . . , Tn)
∗ =
[
f(B1, . . . , Bn)
∗ ⊗ I∆TH
]
KJ,T
for any f(B1, . . . , Bn) ∈ W(B1, . . . , Bn). This completes the proof. 
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Corollary 1.2. Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n and let T := [T1, . . . , Tn],
Ti ∈ B(H), be a c.n.c. row contraction such that
ϕ(T1, . . . , Tn) = 0, ϕ ∈ J.
Then
KJ,TT
∗
i = (B
∗
i ⊗ I∆TH)KJ,T , i = 1, . . . , n,
and
(1.14) K∗J,TKJ,T = IH − SOT- lim
k→∞
∑
|α|=k
TαT
∗
α,
where KJ,T is the constrained Poisson kernel associated with T and J .
Moreover, if a map Ψ :W(B1, . . . , Bn)→ B(H) satisfies the relation
(1.15) Ψ(f)K∗J,T = K
∗
J,T (f ⊗ I), f ∈ W(B1, . . . , Bn),
then
Ψ(f) = f(T1, . . . , Tn), f ∈ W(B1, . . . , Bn).
Proof. The first part of the theorem follows easily from Theorem 1.1. Relation (1.14) is a conse-
quence of (1.2) and (1.10). Due to relation (1.14), if T is a c.n.c. row contraction then KJ,T is a
one-to-one operator. Consequently, Theorem 1.1 and relation (1.15) imply Ψ(f) = f(T1, . . . , Tn),
f ∈ W(B1, . . . , Bn). This completes the proof. 
We remark that if P is a family of noncommutative polynomials in S1, . . . , Sn and T := [T1, . . . , Tn]
is an arbitrary row contraction such that p(T1, . . . , Tn) = 0, p ∈ P, then one can prove that T is
a c.n.c. row contraction if and only if KJ,T is a one-to-one operator, where J is the WOT-closed
two-sided ideal of F∞n generated by P.
2. Constrained characteristic functions
In this section, we show that the constrained characteristic function is a complete unitary invari-
ant for the class of constrained c.n.c. row contractions. We also provide a model for this class of
row contractions in terms of the constrained characteristic functions. All the results of this section
apply, in particular, to c.n.c. row contraction subject to constraints such as
p(T1, . . . , Tn) = 0, p ∈ P,
where P is a set of noncommutative polynomials.
The characteristic function associated with an arbitrary row contraction T := [T1, . . . , Tn], Ti ∈
B(H), was introduced in [12] (see [23] for the classical case n = 1) and it was proved to be a
complete unitary invariant for completely non-coisometric (c.n.c.) row contractions. Using the
characterization of multi-analytic operators on Fock spaces (see [16], [18]), one can easily see that
the characteristic function of T is a multi-analytic operator
ΘT : F
2(Hn)⊗DT ∗ → F
2(Hn)⊗DT
with the formal Fourier representation
−IF 2(Hn) ⊗ T +
(
IF 2(Hn) ⊗∆T
)(
IF 2(Hn)⊗H −
n∑
i=1
Ri ⊗ T
∗
i
)−1
[R1 ⊗ IH, . . . , Rn ⊗ IH]
(
IF 2(Hn) ⊗∆T ∗
)
,
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where R1, . . . , Rn are the right creation operators on the full Fock space F
2(Hn). Here, we need to
clarify some notations since some of them are different from those considered in [12]. The defect
operators associated with a row contraction T := [T1, . . . , Tn] are
∆T :=
(
IH −
n∑
i=1
TiT
∗
i
)1/2
∈ B(H) and ∆T ∗ := (I − T
∗T )1/2 ∈ B(H(n)),
while the defect spaces are DT := ∆TH and DT ∗ := ∆T ∗H(n), where H
(n) denotes the direct sum
of n copies of H. We proved [22] that
(2.1) IF 2(Hn)⊗DT −ΘTΘ
∗
T = KTK
∗
T ,
where KT is the Poisson kernel associated with T .
Let J 6= F∞n be a WOT-closed two-sided ideal of the noncommutative analytic Toeplitz algebra
F∞n . In [22], we defined the constrained characteristic function associated with a J-constrained
c.n.c. row contraction T := [T1, . . . , Tn], Ti ∈ B(H), to be the multi-analytic operator (with
respect to the constrained shifts B1, . . . , Bn)
ΘJ,T : NJ ⊗DT ∗ → NJ ⊗DT
defined by the formal Fourier representation
−INJ ⊗ T + (INJ ⊗∆T )
(
INJ⊗H −
n∑
i=1
Wi ⊗ T
∗
i
)−1
[W1 ⊗ IH, . . . ,Wn ⊗ IH] (INJ ⊗∆T ∗) .
Taking into account that NJ is a co-invariant subspace under R1, . . . , Rn, we have
Θ∗T (NJ ⊗DT ) ⊆ NJ ⊗DT ∗ and
PNJ⊗DTΘT |NJ ⊗DT ∗ = ΘJ,T .
(2.2)
Let us remark that the above definition of the constrained characteristic function makes sense when
T := [T1, . . . , Tn] is an arbitrary J-constrained row contraction and J is a WOT-closed two-sided
ideal of F∞n generated by a family of polynomials (see [22]).
The next result was obtained in [22] for WOT-closed two-sided ideal of F∞n generated by poly-
nomials. Here, we have an extension of that result.
Theorem 2.1. Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n and let T := [T1, . . . , Tn],
Ti ∈ B(H), be a J-constrained c.n.c. row contraction. Then
(2.3) INJ⊗DT −ΘJ,TΘ
∗
J,T = KJ,TK
∗
J,T ,
where ΘJ,T is the constrained characteristic function of T and KJ,T is the corresponding constrained
Poisson kernel.
Proof. Due to relation (1.10), we have rangeKT ⊆ NJ ⊗∆TH. Taking the compression of relation
(2.1) to the subspace NJ ⊗DT ⊂ F
2(Hn)⊗DT , we obtain
INJ⊗DT − PNJ⊗DTΘTΘ
∗
T |NJ ⊗DT = PNJ⊗DTKTK
∗
T |NJ ⊗DT .
Using relation (2.2) and that W ∗i = R
∗
i |NJ , i = 1, . . . , n, we deduce (2.3). The proof is complete.

Now, we present a model for constrained c.n.c. row contractions in terms of the constrained
characteristic functions. We recall that two row contractions T := [T1, . . . , Tn], Ti ∈ B(H), and
T ′ =: [T ′1, . . . , T
′
n], T
′
i ∈ B(H
′), are equivalent if there is a unitary operator U : H → H′ such that
UTi = T
′
iU for any i = 1, . . . , n.
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Theorem 2.2. Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n and T := [T1, . . . , Tn] be a
c.n.c. row contraction such that
ϕ(T1, . . . , Tn) = 0, ϕ ∈ J.
Then T := [T1, . . . , Tn] is unitarily equivalent to the constrained row contraction T := [T1, . . . ,Tn]
on the Hilbert space
HJ,T :=
[
(NJ ⊗DT )⊕∆J,T (NJ ⊗DT ∗)
]
⊖ {ΘJ,T f ⊕∆J,Tf : f ∈ NJ ⊗DT ∗} ,
where ∆J,T :=
(
I −Θ∗J,TΘJ,T
)1/2
and each operator Ti, i = 1, . . . , n, is uniquely defined by the
relation (
PNJ⊗DT |HJ,T
)
T
∗
ix = (B
∗
i ⊗ IDT )
(
PNJ⊗DT |HJ,T
)
x, x ∈ HJ,T ,
where PNJ⊗DT |HJ,T is a one-to-one operator, PNJ⊗DT is the orthogonal projection of the Hilbert
space (NJ ⊗DT )⊕∆J,T (NJ ⊗DT ∗) onto the subspace NJ⊗DT , and B1, . . . , Bn are the constrained
left creation operators determined by J .
Moreover, T is a constrained pure row contraction if and only if the constrained characteristic
function ΘJ,T is an inner multi-analytic operator with respect to B1, . . . , Bn. In this case, T is
unitarily equivalent to the row contraction
(2.4)
[
PHJ,T (B1 ⊗ IDT )|HJ,T , . . . , PHJ,T (Bn ⊗ IDT )|HJ,T
]
,
where PHJ,T is the orthogonal projection of NJ ⊗DT onto the Hilbert space
HJ,T := (NJ ⊗DT )⊖ΘJ,T (NJ ⊗DT ∗).
Proof. Consider the Hilbert space KJ,T := (NJ ⊗DT )⊕∆J,T (NJ ⊗DT ∗) and define the operator
Φ : NJ ⊗DT ∗ → KJ,T by setting
Φf := ΘJ,Tf ⊕∆J,T f, f ∈ NJ ⊗DT ∗ .
Notice that Φ is an isometry and
(2.5) Φ∗(g ⊕ 0) = Θ∗J,Tg, g ∈ NJ ⊗DT .
Consequently, denoting by PHJ,T the orthogonal projection of KJ,T onto the subspace HJ,T , we have
‖g‖2 = ‖PHJ,T (g ⊕ 0)‖
2 + ‖ΦΦ∗(g ⊕ 0)‖2
= ‖PHJ,T (g ⊕ 0)‖
2 + ‖Θ∗J,Tg‖
2
for any g ∈ NJ ⊗DT . On the other hand, due to Theorem 2.1,
‖K∗J,T g‖
2 + ‖Θ∗J,T g‖
2 = ‖g‖2, g ∈ NJ ⊗DT .
Combining the above relations, we deduce that
(2.6) ‖K∗J,T g‖ = ‖PHJ,T (g ⊕ 0)‖, g ∈ NJ ⊗DT .
Since [T1, . . . , Tn] is a constrained c.n.c. row contraction, Corollary 1.2 shows that KJ,T is a one-
to-one operator and rangeK∗J,T is dense in H.
Let x ∈ HJ,T and assume that x ⊥ PHJ,T (g ⊕ 0) for any g ∈ NJ ⊗ DT . Using the definition of
HJ,T and the fact that
KJ,T = {g ⊕ 0 : g ∈ NJ ⊗DT }
∨
{ΘJ,Tf ⊕∆J,Tf, f ∈ NJ ⊗DT ∗} ,
we deduce that x = 0. This shows that
HJ,T =
{
PHJ,T (g ⊕ 0) : g ∈ NJ ⊗DT
}−
.
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Hence, and due to relation (2.6), there is a unique unitary operator Γ : H → HJ,T such that
(2.7) Γ(K∗J,T g) = PHJ,T (g ⊕ 0), g ∈ NJ ⊗DT .
Using Theorem 2.1, relation (2.5), and the fact that Φ is an isometry, we have
PNJ⊗DTΓK
∗
J,T g = PNJ⊗DTPHJ,T (g ⊕ 0)
= g − PNJ⊗DTΦΦ
∗(g ⊕ 0)
= g −ΘJ,TΘ
∗
J,Tg
= KJ,TK
∗
J,Tg
for any g ∈ NJ ⊗DT . Consequently, since the range of K
∗
J,T is dense in H, we deduce that
(2.8) PNJ⊗DTΓ = KJ,T .
For each i = 1, . . . , n, let Ti : HJ,T → HJ,T be defined by Ti := ΓTiΓ
∗, i = 1, . . . , n. Due to
relation (2.8) and taking into account that the constrained Poisson kernel KJ,T is one-to-one, we
deduce that
(2.9) PNJ⊗DT |HJ,T = KJ,TΓ
∗
is a one-to-one operator acting from HJ,T to NJ ⊗ DT . Notice also that, using relation (2.9) and
Corollary 1.2, we have(
PNJ⊗DT |HJ,T
)
T
∗
iΓh =
(
PNJ⊗DT |HJ,T
)
ΓT ∗i h = KJ,TT
∗
i h
= (B∗i ⊗ IDT )KJ,Th
= (B∗i ⊗ IDT )
(
PNJ⊗DT |HJ,T
)
Γh
for any h ∈ H. Hence, we deduce that
(2.10)
(
PNJ⊗DT |HJ,T
)
T
∗
ix = (B
∗
i ⊗ IDT )
(
PNJ⊗DT |HJ,T
)
x, x ∈ HJ,T .
Since the operator PNJ⊗DT |HJ,T is one-to-one (see (2.9)), the relation (2.10) uniquely determines
the operators T∗i , i = 1, . . . , n.
To prove that last part of the theorem, assume that T := [T1, . . . , Tn] is a constrained pure row
contraction. According to Corollary 1.2, the constrained Poisson kernel KJ,T : H → NJ ⊗ DT is
an isometry. Consequently, KJ,TK
∗
J,T is the orthogonal projection of NJ ⊗ DT onto KJ,TH. Ac-
cording to Theorem 2.1, relation (2.3) shows that KJ,TK
∗
J,T and ΘJ,TΘ
∗
J,T are mutually orthogonal
projections such that
KJ,TK
∗
J,T +ΘJ,TΘ
∗
J,T = INJ⊗DT .
Therefore, ΘJ,T is a partial isometry, i.e., an inner multi-analytic operator and Θ
∗
J,TΘJ,T is a
projection. This implies that ∆J,T is the projection on the orthogonal complement of rangeΘ
∗
J,T .
Now, notice that a vector u⊕ v ∈ KJ,T is in HJ,T if and only if
〈u⊕ v,ΘJ,T f ⊕∆J,Tf〉 = 0 for any f ∈ NJ ⊗DT ∗ .
This is equivalent to
(2.11) Θ∗J,Tu+∆J,Tv = 0.
Due to the above observations, we have Θ∗J,Tu ⊥ ∆J,Tv. This shows that relation (2.11) holds if
and only if Θ∗J,Tu = 0 and v = 0. Consequently,
HJ,T = (NJ ⊗DT )⊖ΘJ,T (NJ ⊗DT ∗).
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In this case, PNJ⊗DT |HJ,T is the restriction operator and relation (2.10) implies
Ti = PHJ,T (Bi ⊗ IDT )|HJ,T , i = 1, . . . , n.
Conversely, if ΘJ,T is inner, then it is a partial isometry. Theorem 2.1 implies that KJ,T is a partial
isometry. Since T is c.n.c., Corollary 1.2 implies SOT- limk→∞
∑
|α|=k TαT
∗
α = 0, which proves that
T is a pure row contraction. This completes the proof. 
As in the noncommutative case [12], one can easily prove the following.
Proposition 2.3. If T := [T1, . . . , Tn], Ti ∈ B(H), is a J-constrained c.n.c. row contraction, then
ΘJ,T is outer if and only if there is no element h ∈ H, h 6= 0, such that limk→∞
∑
|α|=k TαT
∗
αh = 0.
Proof. Due to Corollary 1.2, the condition above is equivalent to ker (I −K∗J.TKJ,T ) = {0}. Using
Theorem 2.1, we deduce that the latter equality is equivalent to
kerΘJ,TΘ
∗
J,T = ker
(
I −KJ.TK
∗
J,T
)
= {0},
which is the same as ΘJ,T having dense range. The proof is complete. 
Remark 2.4. If J = {0} in Theorem 2.2, one can recover the model theorem for arbitrary c.n.c.
row contractions [12].
Let Φ ∈ W(W1, . . . ,Wn)⊗¯B(K1,K2) and Φ
′ ∈ W(W1, . . . ,Wn)⊗¯B(K
′
1,K
′
2) be two multi-analytic
operators with respect to B1, . . . , Bn. We say that Φ and Φ
′ coincide if there are two unitary
operators τj ∈ B(Kj ,K
′
j), j = 1, 2, such that
Φ′(INJ ⊗ τ1) = (INJ ⊗ τ2)Φ.
We remark that if 1 ∈ NJ , then the C
∗-algebra C∗(B1, . . . , Bn) is irreducible (see [22]). In this
case, the operators Φ and Φ′ coincide if and only if there are two multi-analytic operators Uj :
NJ ⊗Kj → NJ ⊗K
′
j such that Φ
′U1 = U2Φ.
The next result shows that the constrained characteristic function is a complete unitary invariant
for c.n.c. constrained row contractions.
Theorem 2.5. Let J 6= F∞n be a WOT-closed two-sided ideal of F
∞
n and let T := [T1, . . . , Tn],
Ti ∈ B(H), and T
′ := [T ′1, . . . , T
′
n], T
′
i ∈ B(H
′), be two J-constrained c.n.c. row contractions. Then
T and T ′ are unitarily equivalent if and only if their constrained characteristic functions ΘJ,T and
ΘJ,T ′ coincide.
Proof. Assume that T and T ′ are unitarily equivalent and let U : H → H′ be a unitary operator
such that Ti = U
∗T ′iU for any i = 1, . . . , n. Simple computations reveal that
U∆T = ∆T ′U and (⊕
n
i=1U)∆T ∗ = ∆T ′∗(⊕
n
i=1U).
Define the unitary operators τ and τ ′ by setting
τ := U |DT : DT → DT ′ and τ
′ := (⊕ni=1U)|DT ∗ : DT∗ → DT ′∗ .
Taking into account the definition of the constrained characteristic function, it is easy to see that
(INJ ⊗ τ)ΘJ,T = ΘJ,T ′(INJ ⊗ τ
′).
Conversely, assume that the constrained characteristic functions of T and T ′ coincide. Then
there exist unitary operators τ : DT → DT ′ and τ∗ : DT ∗ → DT ′∗ such that
(2.12) (INJ ⊗ τ)ΘJ,T = ΘJ,T ′(INJ ⊗ τ∗).
It is easy to see that (2.12) implies ∆J,T = (INJ ⊗ τ∗)
∗∆J,T ′ (INJ ⊗ τ∗) and
(INJ ⊗ τ∗)∆J,T (NJ ⊗DT ∗) = ∆J,T ′(NJ ⊗DT ′∗).
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Using the notations of Theorem 2.2, we define the unitary operator U : KJ,T → KJ,T ′ by setting
U := (INJ⊗τ)⊕(INJ⊗τ∗). Straightforward computations reveal that the operator Φ : NJ⊗DT ∗ →
KJ,T , defined in the proof of Theorem 2.2, and the corresponding Φ
′ satisfy the relations
(2.13) UΦ (INJ ⊗ τ∗)
∗ = Φ′
and
(2.14) (INJ ⊗ τ)P
KJ,T
NJ⊗DT
U∗ = P
KJ,T ′
NJ⊗DT ′
,
where P
KJ,T
NJ⊗DT
is the orthogonal projection of KJ,T onto NJ ⊗ DT . Notice that relation (2.13)
implies
UHJ,T = UKJ,T ⊖ UΦ(NJ ⊗DT ∗)
= KJ,T ′ ⊖Φ
′(INJ ⊗ τ∗)(NJ ⊗DT ∗)
= KJ,T ′ ⊖Φ
′(NJ ⊗DT ′∗).
Therefore, the operator U |HJ,T : HJ,T → HJ,T ′ is unitary. On the other hand, we have
(2.15) (B∗i ⊗ IDT ′ )(INJ ⊗ τ) = (INJ ⊗ τ)(B
∗
i ⊗ IDT ).
Now, let T := [T1, . . .Tn] and T
′ := [T′1, . . .T
′
n] be the models provided by Theorem 2.2 for the
row contractions T and T ′, respectively. Using the relation (2.10) for T ′ and T , as well as relations
(2.14) and (2.15), we deduce that
P
KJ,T ′
NJ⊗DT ′
T
′
i
∗
Ux = (B∗i ⊗ IDT ′ )P
KJ,T
NJ⊗DT
Ux = (B∗i ⊗ IDT ′ )(INJ ⊗ τ)P
KJ,T
NJ⊗DT
x
= (INJ ⊗ τ)(B
∗
i ⊗ IDT )P
KJ,T
NJ⊗DT
x = (INJ ⊗ τ)P
KJ,T
NJ⊗DT
T
∗
ix
= P
KJ,T ′
NJ⊗DT ′
UT∗ix
for any x ∈ HJ,T and i = 1, . . . , n. Consequently, since P
KJ,T ′
NJ⊗DT ′
|HJ,T ′ is a one-to-one operator (see
relation (2.9)), we obtain (
U |HJ,T
)
T
∗
i = T
′
i
∗ (
U |HJ,T
)
, i = 1, . . . , n.
Now, using Theorem 2.2, we conclude that T and T ′ are unitarily equivalent. The proof is complete.

As in the noncommutative case [19], one can prove the following.
Proposition 2.6. Let J 6= F∞n be a WOT-closed two -sided ideal of F
∞
n such that 1 ∈ NJ . If
T := [T1, . . . , Tn] is a J-constrained c.n.c. row contraction, then T is unitarily equivalent to a
constrained shift [B1 ⊗ IK, . . . , Bn ⊗ IK] for some Hilbert space K if and only if ΘJ,T = 0.
Proof. If T = [B1 ⊗ IK, . . . , Bn ⊗ IK], then KJ,T f = f for f ∈ NJ ⊗ K. Indeed, since 1 ∈ NJ , for
any f =
∑
α∈F+n
eα ⊗ kα in NJ ⊗K ⊆ F
2(Hn)⊗K, we have
KJ,T f =
∑
α∈F+n
PNJ eα ⊗ PK(B
∗
α ⊗ IK)f =
∑
α∈F+n
PNJ eα ⊗ PK(S
∗
α ⊗ IK)f
=
∑
α∈F+n
PNJ eα ⊗ kα = PNJ⊗Kf = f.
Now, Theorem 2.1 shows that ΘJ,T = 0. Conversely, if ΘJ,T = 0, then Theorem 2.2 shows that T
is unitarily equivalent to the constrained shift [B1 ⊗ IDT , . . . , Bn ⊗ IDT ]. 
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Remark 2.7. All the results of this section can be written in the particular case when T :=
[T1, . . . , Tn] is a q-commuting c.n.c. row contractions, i.e.,
TiTj = qjiTjTi, 1 ≤ i < j ≤ n,
where qij ∈ C.
Notice that T is q-commuting if and only if it is a Jq-constrained row contraction, where Jq is the
WOT-closed two-sided ideal of F∞n generated by the q-commutators SiSj − qjiSjSi, 1 ≤ i < j ≤ n,
where S1, . . . , Sn are the left creation operators on the full Fock space. We refer to [5] for related
results on q-commuting row contractions.
We remark that in the particular case when qij = 1 we obtain a model theory for commuting
c.n.c. row contractions.
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